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Abstract 



j^ I We give a direct proof of the magnetic Aharonov-Bohm effects 

without using the scattering theory and the theory of inverse boundary 
value problems. This proof can serve as a framework for a physical 
ly-v i experiment to confirm the magnetic AB effect. We prove also the 

K^ ' electric AB effect and we suggest a physical experiment to demonstrate 

^j ■ the electric AB effect. In addition, we consider a combined electric and 

Qv^ , magnetic AB effect and we propose a new inverse problem for the time- 

cn I dependent Schrodinger equations. Finally we study the gravitational 

I> ■ AB effect. 

o 
o 

1 Introduction. 



/\ I Let ill be a bounded domain in R^, called the obstacle. Consider the time- 

c^ ■ dependent Schrodinger equation in (R^ \ Qi) x (0,T): 



where n = 2, 

(1-2) w|9nix(o,T) = 0, 

(1.3) u{x,0) = uo{x), xGR^\fii, 



and the electromagnetic potentials A{x), V{x) are independent of t. Let 

(1.4) a= ^ A{x) ■ dx 

he J^ 

be the magnetic flux, where 7 is a simple closed contour containing Vti. In 
seminal paper [AB] Y. Aharonov and D. Bohm discovered that even if the 
magnetic field B{x) = curl A = in R^ \ Qi, the magnetic potential A has a 
physical impact in R^ \ Qi when a 7^ 27rn, n is an integer. This phenomenon 
is called the Aharonov-Bohm effect. They proposed a physical experiment to 
test this effect. The experimental proof of AB effect was not easy to achieve. 
The most "clean" AB experiment was done by Tonomura et al [T et al]. A 
rigorous mathematical justification of the Tonomura et al experiment was 
given in [BW2], [BW3]. 

In the same paper [AB] Aharonov and Bohm gave a mathematical proof 
of AB effect by showing that the scattering cross section depends on a. The 
proofs of AB effects using the scattering theory and the inverse scattering 
were given also in [R], [N], [Wl], [BWl], [RYl], [RY2], [Y], [EI], [EIO]. The in- 
verse boundary value problems approach to AB effect was developed in [El] , 
[E2], [E3], [E4], [E5]. Note that the solution of the inverse scattering prob- 
lem can be reduced to the solution of the inverse boundary value problem. 
This reduction is well-known in the case n > 3 and electromagnetic fields 
with compact supports (see, for example, [E5], §1). In the case n = 2 the 
reduction was proven in [EIO]. Note that the class of electromagnetic fields 
with compact supports is the natural setting for the study of AB effect. 

In this paper we give a new direct mathematical proof of the magnetic AB 
effect that uses the relation between the solutions of the Schrodinger equation 
and the wave equation (see [K]). This proof can be used as a framework for a 
physical experiment to verify the magnetic AB effect. We consider the case of 
one and several obstacles. The case of several obstacles requires a technique 
of broken rays. It allows to detect the magnetic AB effect in the case when 
obstacles are close to each other and the treatment of the cluster of obstacles 
as one obstacle may miss the AB effect. We give also a rigorous proof of the 
electric AB effect and propose a physical experiment to verify it. We show 
that the electric AB effect occurs only when the domain is time-dependent 
with its topology changing in time. In addition we consider combined electric 
and magnetic AB effect, and gravitational AB effect 

The plan of the paper is the following: 



In §2 we state the AB effect. In §3 we prove the magnetic AB effect in the 
case of one obstacle in two and three dimensions and in the case of several 
obstacles. In §4 we consider the electric AB effect, and in §5 the combined 
electric and magnetic AB effect for time-dependent electromagnetic poten- 
tials. In the end of §5 we study a new inverse problem for the time-dependent 
Schrodinger equations. In §6 we prove a general case of the gravitational AB 
effect. A particular case was considered previously in [S]. 

2 The magnetic AB effect 

Let ^1, ...,Qm be smooth obstacles in R". Assume that Vlj nVlk ^ ii j ^ k. 
Consider the Schrodinger equation (11. ip in (R" \ i7) x (0,T), n > 2, where 

and ([L3D holds in R" \ 11. 

In ( II. ip A{x) = {Ai{x), ...,An{x)) is the magnetic potential and V{x) is 
the electric potential. 

In this paper we assume that B{x) = curl A{x) = in R"' \ Q, i.e. the 
magnetic field B{x) is shielded inside Q. For the simplicity we assume that 
V{x) has a compact support. 

Denote by G'(R" \ Q) the group of C°° complex-valued functions g{x) 
such that \g{x)\ = 1 in R" \ Q and 

g(x) = l + o(--] for \x\>R if n > 3, 

g^x) = e'P'^^''^(l + 0(^^^ for \x\>R if n = 2. 

Here p is an arbitrary integer, E Q and 9{x) is the polar angle of x. We 
call G'(R" \ Q) the gauge group. If u'{x) = g^^{x)u{x) then u'{x) satisfies 
the Schrodinger equation (11. ip with electromagnetic potentials {A'{x), V'{x)) 
where 

(2.2) V'{x) = V{x), 

-A'{x) = -A{x) + ihg-\xf^^''^ 



dx 



We shall call electromagnetic potentials {A', V) and (^4, V) gauge equivalent 
if there exists g{x) E ^(R" \ n) such that ([OD holds. 

We shall describe all gauge equivalence classes of potentials when B = 
curl v4 = in R" \ n. 

Consider first the case of the obstacle Qi in R^. The gauge group G(R^ \ 
rii) consists oi g{x) = e'^^^^^^^T^'^^^\ where p is an integer, and ^(x) G C°°(R^\ 
Qi), Lp{x) = C'(A) when \x\ > R. The gauge equivalence class is determined 
by the magnetic flux (11.41) modulo 27rp, p E Z. 

In the case of several obstacles f2i, ..., Q^n in R^ denote by 7j, 1 < j < m, 
a simple closed curve encircling Qj only. Let 

he J^^ 

be the corresponding magnetic flux. Then numbers aj(mod 27rn),j = 1, ..., m, 
determine the gauge equivalent class of (^4,^). 

Finally, in the case of m > 1 in R", n > 3, it can be shown that there 
exists a finite number of closed curves 71, ...,7^ in R" \ fi (r = if R" \ il 
is simply-connected) such that {A, V) and {A', V) are gauge equivalent iff 
-^J A-dx-^J A' ■dx = 27mj, Hj G Z, for all l<j<r. D 

Any two electromagnetic potentials belonging to the same gauge equiva- 
lence class represent the same physical reality and can not be distinguished 
in any physical experiment. 

The Aharonov-Bohm effect is the statement that electromagnetic poten- 
tials belonging to different gauge equivalence classes have a different physical 
impact. Consider, for example, the probability density [^(x)^. It has the 
same value for any representative of the same gauge equivalence class since 
\g~^{x)u{x)\'^ = \u{x)\'^. 

To prove the AB effect it is enough to show that |m(x)P changes for some 
u{x) when we change the gauge equivalence class. 



3 The proof of the magnetic AB effect 

3.1 The case of one obstacle in R^ 

Consider the Schrodinger equation (11. ip in (R^\fii) x (0, T) with the bound- 
ary condition (II. 2p and the initial condition (II. 3p . 



Let w{x, t) be the solution of the wave equation 
h 3 w 

(3.1) 2^;^ a^ + ^"^ = ° ''' (^' \ ^i) "" (°' +°°) 

with the boundary condition 

(3.2) W^Lo /n , ^ = 

and the initial conditions 

(3.3) w{x,Q) = Uo{x), ^^^' ^ = 0, xgR^V^i, 
i.e. w{x,t) is even in t. Here 

2m \ ox c / 

There is a formula relating u{x,t) and w{x,t) (cf. [K]): 



(3.4) u{x,t) = — / e^fc^w(x,xo)(ixo. 

We shall consider solutions of (13.11) such that 



(3.5) |t^(x,t)|<C(l + |t|)™, |^l!^|<a(l + |t|)™, Vr>l. 

Let Xo(t) G Co-(R^), Xo(-t) = Xo(t), Xo(t) = 1 for |t| < i, xo{t) = for 
|t| > 1 We define the integral (13.41) as the limit of 

(3.6) — / Xo{£Xo)e 2ht yj{x,xo)dxo 
V27rht J-oo 

as e — )■ 0, and we shall show that this limit exists for any w{x, xq) satisfying 
(13.51) . Substitute the identity 

/ ht d \^^ ""^0 ''"^0 , , , , 

— — e 2ht = e 2ht ^ VM, 

\imxo oxq/ 

in (13. 6 p and integrate by parts in (13. 6p for |xo| > 1. If M > m + 2 we get an 
absolutely integrable function of xq and therefore we can pass to the limit 
when £ — )■ 0. 



Note that 

Note also that 

m(x, 0) = hm — / e 2m tt)(x, xo)(ixo = wix^ 0). 

*^o V27r/it y^oo 

Therefore u{x,t) satisfies ([HID, (D, dH if iy(x,t) satisfies ([31]), ([32D, 
(13:31). D 

We shall construct geometric optics type solutions of (13. ip . (I3.2p . (I3.3P and 
then use the formula (13 ■4p to obtain solutions of the Schrodinger equation. 

We shall look for 'w{x^ t) in the form 

(3.7) wn{x, t) = e^t^(---*) V ^f^ + e^^(--+*) V ^^, 

p=0 ^ ' p=0 ^ ' 

where fc is a large parameter. 

Substituting (13. 7p into (13. ip and equating equal powers of k we get 

g 

(3.8) haQt{x, t) + huj ■ aQxi.^, i) — iuj ■ -A{x)aQ = 0, 

g 
—hbotix, t) + hu ■ Bqx — ioj ■ -A(x)bo = 0, 

c 



g / /j2 Q2 , 

(3.9) hapt{x,t) + hu ■ apx{x,t) - iu ■ -A{x)ap = Ht^wt^ + HjUp^i 



'\2mdt^ 



-hbpt{x, t) + hu- bpx - iu ■ -A{x)bp = ^( ^ + Hjbp-i, l<p<N. 

We have bp{x, t) = ap{x, —t) for p > 0, assuming that bp{x, 0) = ap{x, 0). 
Introduce new coordinates (s,r, t) instead of (xi,X2,t) where 

(3.10) s = {x-x^°'^)-uj-t, 

T = {x — X^^') ■ U±, 
t = t. 



Here u±-uj = 0, |c<;_|_| = |u;| = l. We assume that x^^^ is a fixed point outside 
of tlie obstacle f2i and tliat tlie line x = x^°^ + suj, s G R, does not intersect 
Qi. Equations fl3.8p . (13 .Qp liave tfie following form in the new coordinates 

(3.11) aot(s,r,t) - iu ■ —Aix'^^'' + (s + t)uj + TLO±)ao = 0, 

he 

api(s, r, t) - iuj ■ — y4(x^°^ + (s + t)ui + TUi_)ap = fp{s, T,t), p>l, 

where ap{s,T,t) = ap{x,t), fp{s,T,t) is f (^^ + -^jctp-i in the new coor- 
dinates. 

We impose the following initial conditions 

(3.12) a,(.,r,0) = ix„(^)xo(^), 

ap{s, r, 0) = for p > 1, 



(a;-x(0))-w_L' 



where Xo{s) is the same as above. We assume that 6i is such that supp xo\ ^ 
does not intersect Qi. Then 

ao{s, r, t) = -xo (^) Xo (^) exp (£ / ^ ■ y4(x(°) + {s + t')u + ra;^)dt') . 

Since s = {x — x^^') ■ u — t we have in the original coordinates 

(3.13) ao(a;,t) = -xo(^ ^-^ ^jxof^ ^ 



(5i / V ^2^: 

• exp [^ / w ■ A(a; - t"w)dt"\ , 

where we made the change of variables t — t' = t" . Note that 

(3.14) \ap{x,t)\<Cf, l<p<N, 

and (13. 5p holds for any r > 1. Since bp{x, t) = ap{x, —t), p > 0, we have that 

(3.15) wn{x,0)=Xo(- r^ -)xo(- FT^ e^.^^--, 



6i / V (52A; 

u;Art(x,0) = 0. 



Let 



e '4^m f°° imxl 



(3.16) UN{x,t) = — -1^=^ / e 2M t(;7v(a;, a;o)'^a;o- 

\/27lht J-oo 

Using that bp{x, t) = ap{x, —t) and making a change of variables we get 

(3.17) .„(,x. t) = ?H;i# /°° e^-^<— ") f ^^dxo. 

y2'Kht J -oo „_n l^ft^j^ 



We have 
(3.18) 



V at / V27r/it 7-0O \2mdx^ J 



Note that 



+ Hyw^ix.xa) = e**-!-"- '»' (^£2 + ff)aA'(i, 2^0) 



Denote by Qn^x, t) the right hand side of (13.181) . Since b^ix, Xq) = a^ix, —Xq) 

we have 

(3.19) 

^^^"''^" 72^ y_ l2ma.g+^J (zfc)^ ^^°- 



We apply the stationary phase method to the integrals (13.171) . The equation 

!2Ho _ i£fc = 0, i.e. Xq = kt and the Hessian is f^. 



for the critical point is ^^ — ^ = 0, i.e. Xq = kt and the Hessian is 



oo 



Therefore 
(3.20) 
?/^(x, t) = e-^^+'—^'-'^xo i- T^ ^ j exp f — / uj-A{x~s'u)ds' 

+ 0(6), 

where e is arbitrary small when k is sufficiently large and t is sufficiently 
small. 
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We used that Xo(^Xfc^) ~ ^ when k is large and t is small. Note that 



(3.21) 



dp [X J rCij 



{ik)P 



< —{ktf < CfP 
~ kP^ ' ~ 



is small when t is small. 

Applying the stationary phase method to (13.1 9p we get, using (I3.14p that 



(3.22) 



Nu\ 



\gNix,t)\'dx<Crk^. 



R2\n 



We used in I K22^ that Xo(^^) = when |x ■ a;| > Ck. 

Denote by ||g'Ar||r the Sobolev norm in Hr(R? \ fii). It follows from (I3.19P 
and dXTI]) that 



I^Tvllr <Cf^fc''+5. 



Let Rn{x, t) be the solution of 
d 



{^-ih— + H)R^ = -g^{x,t) in (R^ \ (^i) x (0,T), 



R 



N 



0, 



anix(o,T) 
i?^(x,0) = 0. 

Such solution exists and satisfies the following estimates (cf. [El]): 

dt 110 



(3.23) max^||i?^(-,t)||3<C / [\\g^[.^t)\\, + \\^^^4^\\.]dt. 



0<t<T 



By the Sobolev embedding theorem \RN{x,t)\ < Cmaxo<i<r ||-R7v(")^)||3 ior 
all {x,t) e (R^\fii) X (0,T). Since 



max 

0<i<T 



QP 

g^9N{x,t) 



< CT^k^+' 



we get that 



\RNix,t)\ < Ce 



iiT<^,0<5s<l, N5s>l. 



k''-i ' 



Note that u = u^ + R^ satisfies ( ll.ip . ( II ■2p and the initial condition 



u{x, 0) = un{x,0) 



ikui-x^, /(x-x(W) 



Xo 



•wj_- 



when k is large. Therefore we con- 



structed a solution m(x, t) for x G R^ \ i^i, t G (0, T), T = 0{-k), k is large, 

Kg 

such that 



(3.24) u{x,t) 



■ mk t .■ mfc . 



(x — a;'^°^) ■ u_i_ 



exp I — 
he 



ijj 



A(x - s'u)ds'j 
+ 0{e), 



where e can be chosen arbitrary small if k is large enough. 

Let x^°^ G R^ \ i^i and let u and 9 be two unit vectors (see Fig.l) 



x(3)(0,L) 



D 
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Figure 1. 



Consider the difference of two solutions of tlie form (13.241) corresponding 
to {x^^\uj) and {x^^\9), respectively: 



(3.25) u = vi{x,t,u) — V2{x,t,9), 

(3.26) 

vi{x,t,u) = g-.^+»t^x.c.^^/^ (^-^^°^)-^^ \ g^p f^^ I u-A{x-s'u;)ds')+0{e), 



Si 



he 



(3.27) 

V2ix,t,e) = e-"^+^-'^xof ^''~^r^"^^ ) exp fzf / 9-Aix-s'9)ds')+Oi6), 



5i 



he 



where 9j_ ■ 9 = 0. Note that modulo 0(e) the support of vi is contained 
in a small neighborhood of the line x = x'-'^^ + so; and the support of V2 is 
contained in a small neighborhood of x = x'-°^ + s9. 

Let Uo be a disk of radius Eq contained in (supp vi) fl (supp V2)- We 



assume that Xo 
and < t < T = 4- 

fc 3 



■ {x—x^''')-uj^ 



Xo 



■(a:-xW)-ej 



1 in Uq. We have for x E Uq 



(3.28) |t;i(x,t)-f2(x,t)p 



1 _ ^i^xiuj-e)+t(h-i2) 



+ 0{e) 



1 /TTiA; 



4 sin^ - {^x .{uj-9) + h- h) + 0(e), 
h = ^— I 00 ■ A{x — su)ds, h = 7— 9 ■ A{x — s9)ds, 



he 



he 



and k > ko, ko is large, T < -^. 



Choose kn > k^ such that 








(3.29) "'^"x(°)-(c^- 

1 1/ 


-0) = 


= 2?™, 


neZ. 


Let, for simplicity, 9i = Ui, 6*2 = 


— I^2i 


x(o) = 


- (0,L), 


Define 


/•Af 







(0,L), tany9 = g^ is small. 



/i7v(x,a;) = -— / w ■ A(x''°'* — sa;)(is, 
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pN 






I2n{x,9) 


he J 


I' 


yl(x(") 


- s9)ds, 




he J 


pN sin (fi 








3Af 


i 

—NsivKfi 


Ai{s 


-iVcos 


ip + L)ds 



(see Fig.l). Note that Iim{x'^'^\uj) — l2Nix^^\d) + hN = «, where a is the 
magnetic flux (cf. (11. 4p ). We assume that 

(3.30) a ^ 27fn, Vn G Z. 
Since |y4| < — , where r is the distance to fii, we have 

e C e 

(3.31) |/3Af| < — — 2A^sin(^ = Ci— sinv?. 

heJy he 

When A^ — )• oo we get 

(3.32) I^-I^ = a + 0(y sin ^\ for xeU^. 



Assuming that the radius of the disk Uq is Eq we get 
(3.33) 



TJlrCn , {n\ \ 



h 



\x — X^ ' ] ■ \UJ 



< C — — ^o sm ip. 
h 



Therefore using (I3.29p . (I3.3ip . (I3.32p . (I3.33p . fixing kn > ^o and choosing ip 
and £o small enough we get 

(3.34) \vi{x,t,uj) -V2(x,t,^)|2 = 4sin2- + 0(£). 

Thus the probability density (I3.34p depends on the magnetic flux a. 
Therefore the magnetic potentials belonging to different gauge equivalence 
classes make different physical impact. This proves the magnetic AB effect. 

3.2 The three-dimensional case 

The constructions of the subsection 3.1 can be carried out in the case of 
three dimensions. Consider, for example, a toroid Qi in R^ as in Tonomura 
et al experiment (cf [T et al]). Let x^^-* be a point outside of fii and let 
7i = {x = x^^^ + so;, s < 0} be a ray passing through the hole of the 
toroid. As in subsection 3.1 we can construct a solution vi{x,t,io) of the 
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form (13.261) . In the case n > 3 dimensions there are {n — 1) orthogonal 
unit vectors co_ij, I < j < n — 1, such that u ■ u±j = 0, I < j < n — 1, 

and we have to replace Xo( ^""i°'^"^ ) in (Km by np^xo( ^"""t,'^'"^0 - Let 
72 = {x = x^^'^ + sO, s < 0} be a ray passing outside of toroid and let V2{x, t, u)) 
be the corresponding solution of the form fl3.27p . As in subsection 3.1 we get 

\vi{x,t,u) — V2{x,t,6)\'^ = 4sin^ — + 0(e), 

where a = J A{x) ■ dx, 7 is a closed simple curve encircling Qi and we 
assume that the angle between u and 6 is small. 

Assuming that a 7^ 27m, Vn G Z, we obtain that the probability density 
l^'i — W2p depends on a and this proves the AB effect. 

3.3 The case of several obstacles 

Let flj, 1 < j < m, m > 1, be obstacles in R^, and let c^j = ^ J . A{x)-dx be 
the magnetic fluxes generated by magnetic flelds shielded in Qj, 1 < j < m. 
Suppose that some aj satisfy the condition (13.301) . If the obstacles are close 
to each other it is impossible to repeat the construction of the subsection 3.1 
separately for each Qj. Note that if the total flux ^"Li aj = 27rp, p G Z, 
then treating Q = U^^i^j as one obstacle we will miss the magnetic AB 
effect. 

In this subsection we show how to determine all aj(mod 27rp), 1 < j < m, 
using the broken rays. 

We shall introduce some notations. 

Let x^^^ ^ VL = vyjL^Vtj. Denote by 7 = 71 U 72 U ... U 7,. the broken ray 
starting at x^^'^ and reflecting at Vt at points x^'^\ ...,x'^'^'\ The last leg 7^ 
can be extended to the inflnity. Denote by Up, 1 < p < r, the directions of 
7p. The equations of 71,..., 7^ are x = x^^^ + sui, Si = < s < S2, x = 
x^"^^ + SU2, S2 < s < S3, ...,x = x^^'^ + sur, Sr < s < +00. Here Sp are such 
that x{sp) = x^^\ 1 < p < r. Denote by 7 = 71 U 72 U ... U 7,. the lifting of 7 
to R^ X (0, +00), where the equations of % are x = x^^^ + sUp, t = s, Sp < 
s < Sp+i, Sr+i = +00. Note that the times when 7 hits the obstacles are 
tp = Sp, 2 < p < r. 

Let Vo be a small neighborhood of x^^\ Denote by 7^ = U^^^jpy the 
broken ray that starts at ?/ G Vb at t = 0. We assume that 71^ has the form 
X = y + scoi, < s < S2{y), where x^'^\y) = y + S2{y)uji is the point where 
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■jiy hits dfl. In particular, 7^(1) = 7. Let Uo{t) = {x = x{t)} be the set 
of endpoints at the time t of 7^, y G Vq. Note that there is a one-to-one 
correspondence between y E Vo and x(t) G C/o(^)- Therefore we shall denote 
the broken ray starting at y G Vq and ending at x{t) at the time t by 7(x(t)) 
instead of jy. As in [E3], [E4] we can construct a geometric optics solution 
of (^^ + H)wn = in (R2 \ fi) x (0, +00) in the form 



^(^l>p(x)-t) ^pn{^^t) V^ V^ inih(^^(x)+t) Kn{^ ^ '^) 



"" V 2m 9*2 ^"^ 




(3.35) i(;7v(a^ 


r N 
p=l n=0 


where 




(3.36) 


Vijpix) - 



^ ^ p=l n=0 ^ ^ 



1, — ^t: = Wp, 1 < p < r, 



5a; 

?/)i(x) = X ■ Ui. 

We have that apn{x,t) = bpn{x, —t) and ap„(x,t) satisfy the transport equa- 
tions 

l<p<r, 0<n< N, 

where /po = 0, /p„ depend on Cpj for n > 1, < j < n — 1. The following 
boundary conditions hold on dQ x (0, +cxd): 

(3.38) ^pLf,x(o,+oo) = ^p+4nx(o,+oo)' 1<P<^-1. 

"p"lanx(o,+oo) ^ ~^p+i''"lanx(o,+oo)' 1 < P < '^ - 1- 
Conditions (I3.38p imply that 

anx(o,+oo) 
We impose the following initial conditions: 

1 f (x — X^^^) ■ Ui_i_\ f{x — X^^^)-UJ^ 

ain{x, 0) = 0, n > 1. 



1 / (x — X^^^) ■ Uii_\ /(x — x^^^) ■ UJ\ 

(3.39) a,oix,0) = -xo[- j^ -)Xo[- ^^)' 
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We assume that 6i , S2 in fl3.37p are small, so that the support of the first 
sum in (13.351) is contained in a small neighborhood of 7 = LJp^^'jp. We define 
apn{x, t) as zero outside of this neighborhood of 7. 

Let x^"-* e 7r and {x^^\ t^^^) be a corresponding point on 7^. It was shown 
in [E3], [E4] that 

(3.40) aroix,t) = co(x,t)exp (^ / A{x) ■ dx') +o(- 

where 7(0;, t) is the broken ray starting in a neighborhood of x^^'' at t = 
and ending at (x,t), c{x,t) 7^ on 7(x,t). 

As in subsection 3.1 we have that ar„(x, t), n > 1 satisfy the estimates of 
the form (13. 5p . 

Let 7(a;(''\ t(°^) be the broken ray starting at (x*^^),0) and ending at 



[X 



(0) 



, t(°)), where x(°^ e 7^. Let 



e "iyjm f°° i"^^o 



(3.41) UNix,t) = — / e 2w WN{x,xo)dxo 

y/27rht J-00 

where W]y{x, Xq) is the same as in (13.351) . We assume in this subsection that 

f 

(3.42) t = -, < t' < T'. 

k 

Applying the stationary phase method to ( ]3.4ip and using (13.40p . ( 13.42^ we 
get for X belonging to a neighborhood of x^^^ 

(3.43) UN{x,t) 

( ,, mk^t mk , , -.^\ , , , ( ie f ./ x , 

= exp u — h —i—Wrix)) jcoix, kt) exp -— / Aix) ■ dx 

\ "■ 2h h V \hc J^f^^^r) 

1 



where t' = kt, t' belongs to a neighborhood of t^'^K 

Analogously to subsection 3.1 we get that there exists i?Ar(x,t) such that 
RN{x,t) = 0(1), t = J, < t' < T', and 

(3.44) u{x,t) = UN{x,t) + RM{x,t) 
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is the exact solution of fll.ip with the boundary conditions mL /„ t'n = 

\ Oil IX {U, — ) 

and the initial condition 

(3.45) u{x,0) = Xo[- j^ )xo[- Y^ j. 

n 

Denote by /3 = {x = x'-^^ + s9, t = s, < s < t^°^} the ray starting at 
(x'^^\ 0) and ending exactly at the point {x^^\t^^^). Analogously to f l3.27p we 
can construct a solution v{x,t) of f ll.ip . satisfying fll.2p and such that 

, , /(x-x(2)).^^x /(a;_2;(2)).6'-H\ , , , 
v{x,t) = Xo y 7 j Xo y 7 j ci (x, kt) 

where ^ = ^, (x, t') G Uq, where Uq is a neighborhood of (x'^°\ t*^°^). 
We choose initial conditions ci(x,0) such that (cf. (3.43)) 

ci(x(°),t(°)) = c(x(°),t(°)). 

Note that 

f 6 ■ A{x^^'> + sO) ■ 9ds = I A-dx. 

Jo Jl3{x,t') 

As in (I3.28P we have near (x^"-*, ^) 



\u{x,t)-v{x,t)\^ = \c{x^''\t'^'^^)\Hsm^-(^{Mx)-0-x) + h-l2)+O{e), 



1 /mk 
where 



Ji = — / A ■ (ix, h = -7— ^ ■ t^a^- 

he J^(^x(0)^t{0)) ^C J_g(3.(0)_t(0)) 



Choose A;„ > /cq such that 
mkn 



h 



(^,(x(°),t(°))-x(°)-0) = 27rn, n € Z, 



and choose the initial points x*^^-* an 71 and x^"^^ on 13 far enough from Q to 
have the integral 

I3 = -r- I A- dx 



he 
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small. Here a is the straight line connecting a;*^^^ and a;'-^^ and not intersecting 
VL. Then if the neighborhood Uq is small enough we get 

\u{x,t)-v{x,t)\^ = |c(x(°\t(°))|4sin2| + 0(£), 

where a = Ii — I2 + h, t = ^, {x^'^\t') E Uq. Note that a is the sum 
of magnetic fluxes of obstacles that are bounded by 7 U (— /3) U a. Vary- 
ing 7 and /3 at least m times we get enough linear relations to recover all 
Q;j(mod 27in), 1 < j < m. 

Remark 3.1. Even in the case of one obstacle it is sometimes convenient 
to consider broken rays reflecting from the artificial boundaries (mirrors). 
Note that mirrors were used in the original AB experiment. 

4 The proof of the electric Aharonov-Bohm 
effect 

Let D be a domain in R" x [0, T] and let D^q = D (1 {t = Iq} . Assume that 
Di(, depends continuously on to G [0, T] and that normals to D\{DoUDt) are 
not parallel to the t-axis. Suppose that the magnetic potential A{x, t) = 
in D and consider the Schrodinger equation in D: 

Ou(x t) h 

(4.1) ih — V^^ + ^u(x, t) - eV(x, t)u(x, t) = 0, < t < T, 

ot 2m 

with zero Dirichlet boundary condition 

(4.2) u\q^^ = for < t < T 
and nonzero initial condition 

(4.3) u{x , 0) = uo{x) , X G -Do- 
Suppose that electric field E = ^ = in D. If D^ is connected for all 
t G [0,T] then V{x,t) = V{t), i.e. V{t) does not depend on x. Making the 
gauge transformation 



(4.4) v{x,t) =exp(i^ V{t')dAu{x,t) 
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we get that v{x,t) satisfies the Schrodinger equation 

dv h 

(4.5) ,ft_ + _A„(x.O=0, 

where 

(4.6) v\g^^ = for < t < T, 

(4.7) v{x,0) = Uo{x), X G -Do- 
Therefore V(t) is gauge equivalent to zero electric potential, i.e. there is 
no electric AB effect in the case when Dtg are connected for all to ^ [0 1 ^] • 
To have the electric AB effect the domain D must have a more complicated 
topology. n 

We shall describe an electric AB effect when A = 0,E = OmD but the 
electric potential V{x, t) is not gauge equivalent to the zero potential. 

Consider the cylinder D^^'' = Vlx [— T — 1, r+ 1] where fi is the unit disk 
xl + xl< 1. Let D^l^ = D(i) n {t = to}- For any to G [-T, T] denote by D^f 
the part of DlJ where \xi\ < ^ — ^t^. Let D^"^^ be the union of D^J when 

—T < to < T and let D = D^^' \ D . The domains Dt^ change the topology 
when t changes on [— T — 1, T + 1] (see Fig. 2). 

The shces Dt^ = D n {t = to} are disks when to G [— 1 — T, — T) and 
to G (T, T+1] and they are not connected domains Df^ = DiJ\D\^ when to G 
{—T,T). If 7 is a closed contour surrounding D^"^^ then 7 is not homotopic 
to a point. 

We consider the Schrodinger equation 04. ip in D with nonzero initial 
condition (14. 3 P for t = — T — 1 and the zero boundary condition (14. 2 p for 
-T-l < t < T+1. 

The gauge group G{D) consists of all g{x,t) in D such that \g{x,t)\ = 1. 
It follows from the topology of D that any g{x,t) G G{D) has the form: 

c?(x,t) = e*"^+t^("'*), 

where (p{x, t) is real-valued and differentiable in D and 9 is the polar angle in 
(xi, t)-plane. If Vi{x, t) and V2{x, t) are gauge equivalent and if 7 is a closed 
contour in D encircling D'^'^\ then 

Vi{x, t)dt — el V2{x,t)dt = ih / g^^{x,t)—dt = 2'Khn, tt, G Z. 

7 J-y J-y (^ 



Suppose V{x, t) = for t G [—T — 1, —T + e] and [T — e,T +1], where e > 0, 
and suppose V{x,t) = Vi{t) when t G [—T + e,T — e], Xi > 0, V{x,t) = V2{t) 
when t G [-T + e,T - e], a;i < 0. Then E = ^ = Om D. 





T+1 



-T 



-T- 1 



Figure 2. 

Denote ctj = | J_t+s ^j{t)dt, j = 1,2, and suppose ai — a2 7^ 27rn, Vn G 
Z. Since the electric flux a = f^ j V{x, t)dt = ai — 02 7^ 27rn, Vn the electric 
potential V(x, t) is not gauge equivalent to the zero potential. 

Let u{x, t) be the solution of (14. ip in D with the initial and boundary con- 
ditions (112]), dlJ]) and let v{x, t) be the solution of (iSD in D with V{x, t) = 
and the same initial and boundary conditions as u{x,t). 
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We shall show that if a = | J V{x, t)dt = a\ — ai^ 2nm, Mm G Z then 
the probability densities \u{x^t)\'^ and |f(x,t)p differ near t = T. Therefore 
V{x, t) makes a physical impact different from the impact of the zero po- 
tential. This will prove the electric AB effect. Since u{x,t) and v{x,t) have 
the same initial and boundary conditions (14. 2p . f l4.3p and V{x,t) = for 
t G [—T — 1, — T + e] we have that u{x, t) = v{x, t) for t < —T + e. Denote 
by III and 112 two connected components of [D^^' \ D^"^') fl (— T + e, T — e). 
Note that in 11 j, i = 1,2, we have 

u{x,t) = v(x,t)exp I — i— / Vi(t')dt' ] , (x,t) G IIj. 
V h J_T+, J 

Let c(x,t) = 1 for t < -T + e, c{x,t) = e-*t^-T+.^»(*')'^*' in H^ for t G 
(— T + £,T — £:), z = 1, 2. Then u{x,t) = c{x, t)v{x,t), i.e. V{x, t) is gauge 
equivalent to zero in D fl (— T — 1, T — e). However, limt^T c(x, t) is equal to 
exp(— -il J_2-+£ ^i('^')^'^') fo^ Xi > and is equal to exp(— i| J_^ V2(t')(it') 

when zi < 0. Since exp(— 2| /_^_^^ "\/i(t')(it') 7^ exp(— i| /_y^^ V2(^')^^') '^e 
have that c(a:, t) is discontinuous at a;i = 0, t = T. D 

Note that u{x, t) and v{x, t) satisfy the same equation (14. 5 p in D fl {T < 
t <T + 1} and 

u{x,T) = e'''^v{x,T) for xi > 0, 

u{x,T) = e'"'v{x,T) for xi < 0. 

We shall show that the probability densities \u{x,t)\'^ and |t'(a;,t)p are not 
equal identically ioi T < t < T + e. Therefore the physical impact of the 
electric potential V{x, t) differs from the impact of the zero potential. 

To prove that |tt(x, t)p ^ \v{x, t)p in D we consider w{x, t) = e~''°'^u{x,t). 
Then w{x,T) = v{x,T) for xi < 0,w{x,T) = e^^°''^~°'^^v{x,T) for xi > 0. 

Proposition 4.1. If\w{x,t)\'^ = \v{x,t)\'^ for T < t < T + e andv{x,T) = 
w{x,T) for xi < 0, then v{x,t) = w{x, t) for allT < t < T + e, x^ + X2 < 1. 

Proof of Proposition 14. 1[ Let v{x,t) 7^ in some neighborhood O 
of {x\ ,0,T),x[ < 0. Denote R{x,t) = \v{x,t)\, $(x,t) = argt>(a;,t), i.e. 
v{x,t) = /?(x, t)e**'^^'*^. Substituting in (14.50 and separating the real and the 
imaginary parts we get 

(4.8) -hRt = — (2Vi?-V$ + i?A<l>), 

2m 
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(4.9) h^tR= — (Ai?-/?|V<l>n. 

2m 

Suppose R is given. Then (14. 9 p is a first order partial differential equation 
in $ and therefore the initial data $(a;, T) near {x\ , 0) uniquely determines 
$(x,f) in the neighborhood O. Let w = i?i(x, t)e**^'^^'*^ Note that w{x,t) 
also satisfies (14. 5 p for t > T and $i satisfies (14. 9p . Since R = Ri in O 
and, since <l>i(a;i, 0, T) = $(a;i,0,T) in (9, we have that w{x,t) = v{x,t) 
in O. Then t(;(x,t) = t>(x,t) ior T < t < T + e, xl + x^ < 1, hj the 
unique continuation property (see [I], section 6). By the continuity in t we 
get v{x,T) = w{x,T) for xi > and this is a contradiction with w{x,T) = 
e^("i-°2)^;(x,r) for xi > 0. Therefore \u{x,t)\^ ^ Hx.t)]'^ for T < t < T + e, 
i.e. the AB effect holds. D 

Remark 4.1. In the proof of Proposition 14.11 we used that R{x,t) = 
\v{x,t)\ ^ for t = T and xi < and |t'(x,t)| ^ for t = T and Xi > 0. We 
shall show that this can be achieved by the appropriate choice of the initial 
condition uq{x) in (14.71) . Choose any v{x, T) such that v{x, T) ^ for xi > 
and v{x, T) ^ for xi < 0. 

Solve the backward initial value problem for (14.50 with the boundary 
condition (14. 6 p and the initial condition v{x,T) for t = T. Then we take 
v{x, —T — 1) as the initial condition uo{x) in (14.71) and (14.31) . 

4.1 A possible physical experiment to demonstrate the 
electric AB effect 

The class of domains D with nontrivial topology that leads to the electric 
AB effect is large. Below we give an example that can lead to a physical 
experiment to demonstrate the electric AB effect. 

Denote by ^{t) the interior of the unit disk x^ + X2 < 1 with removed 
two parts A(t) and A(— r) depending on the parameter r, < r < | (see 
Fig. 3). 
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Let D be the following domain in R^ x [0 , T + 1] : 
Dt = Q{^-t) for 0<t<^, 

A = fi(0) for i<t<T+^, 

Dt = Q{t---T) for T+- <t<T + l. 

Here Ao = Dn{t = to}. 

Therefore A(r) and A(— r) increase in size from r = | to r = when 
< t < |. Then they do not move for | < t < T + |. Note that D^ consists 
of the components Df and D^ ioi ^ < t < ^ + T. When r+i<t<T+l 
the parts A(r) and A(— r) return back to the initial position t = |. 

Such moving domain is easy to realize experimentally. We can arrange 
thaty(t) = OinDforO < t < i+e andfor i+T-e <t< T+l, V{t) = Vi{t) 
in D+, V{t) = V2{t) in D" for I < t < T + |. Suppose 

^ / ' Vi(t)dt -^ ' V2(t)dt ^ 2nn, Vn G Z. 

h Ji h Ji 

2 2 

Then one can show theoretically as in Proposition 14.11 that the electric AB 
effect holds for | + T < t < 1 + T. Hopefully this can be shown also 
experimentally by measuring \u{x, t)p for ^ + T < t < 1 + T and comparing 
these measurements with the measurements for the zero potential in D. 
We assume that the initial data uo{x) for V{t) and V = are the same. 



5 Combined electric and magnetic AB effect 

5.1 Class of domains 

Consider the following domain D C R" x (0,T): Let Tq = < Ti < ... < 
Tr = T. Denote by Dt^ the intersection of D with the plane t = Iq. Then for 
to £ (^p-i) Tp), p = 1, ..., r, we have Dt^^ = ^o \ ^pl^^o)) where VLq is a simply- 
connected domain in R", Vtpito) = ^J'^ifipj (to) , ilpj{to) fl fipfc(to) = for 
j 7^ k, Qpj{tQ) C Qq, Qpj^to) are smooth domains (obstacles). Note that nip 
may be different for p = 1, ..., r. We assume that fip(to) depends smoothly on 
to G (^p-i) Tp). Also we assume that Df^ depends continuously on to G [0, T]. 
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Note that some obstacles may merge or split when to crosses Tp,p = l,...,r — 1 
(see Fig. 4). 




Figure 4. 

We shall study the time-dependent Schrodinger equation in D: 

d 



(5.1) ^h^^ 

^ ^ dt 2m 



-E 

m < ^ 



j=i 



ih 



dxj c 



e \ -^ 

Aj{x, t)] u — eV{x, t)u{x, t) = 



with smooth time-dependent magnetic potential A{x, t) = {Ai{x, t), ..., yl„(x, t)) 
and electric potential V{x,t), {x,t) G D. 

We assume that the normals to dQp{t) are not parallel to the t-axis for 
anytG[0,T]. _ _ 

The gauge group G{D) is the group of all C°°{D) complex- valued func- 
tions g{x,t) such that \g{x,t)\ = 1 in D (cf. §1). 

Electromagnetic potentials {A{x, t), V{x, t)) and {A'{x, t), V'{x, t)) are called 
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gauge equivalent is there exists g{x^t) G G{D) such that 

(5.2) -A'{x, t) = -A{x, t) + ihg-^{x, t)-^ 

c c ox 

eV'{x, t) = eV{x, t) - ihg'^{x, t)-^. 



We shall consider the case when the magnetic and the electric fields are zero 

' A(x,f) _ dV(x, ' 
dt dx 



in D, i.e., B = curl A(x,t) = 0, £; = -l^^ - ^XpH = q, {x,t) e D. In 



this case the integral 

e /■ 1 
(5.3) a = T / -^(2^. t)-dx- V{x, t)dt 

h J^ c 

over a closed curve 7 in D does not change if we deform 7 continuously in 
D. 

The integral (15. 3p is called the electromagnetic flux. It is easy to describe 
all gauge equivalent classes of electromagnetic potentials using the electro- 
magnetic fluxes and assuming B = E = Q m D. 

Let 7i,72, ••-,7; be a basis of the homology group of D, i.e., any closed 
contour 7 in D is homotopic to a linear combination of 71, ..., 7^ with integer 
coefficients. Then fluxes 

e /" 1 
dj = -r I -A{x, t) ■ dx — V{x, t)dt^ 1 < j < ^ 



" Ji, 



modulo 27m, n G Z, determine a gauge equivalent class of (yl(a;, t), V(x, t)), 
i.e. (A(x, t), V{x, t)) and (^'(a;, t), V\x, t)) are gauge equivalent iff aj — a'j = 
27rmj, rrij G Z, 1 < j <l, where "j = f / . ^^' • c^a; - V'{x, t)dt. 

In the next section we shall prove that the electromagnetic potentials 
belonging to different gauge equivalent classes have a different physical im- 
pact, for example, the probability density \u{x.,t)\'^ will be different for some 
u{x, t). 

5.2 The proof of the elect romagetic AB effect 

We shall introduce localized geometric optics type solutions w(x, t) of the 
Schrodinger equation (15.11) in D depending on a large parameter k and sat- 
isfying the zero initial conditions 

(5.4) M(a;,0) = 0, x G Do, 
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and zero boundary conditions on the boundaries of obstacles 

(5.5) M(x,t)|g^ = 0, 

where fl C R" x (0, T) is the union of all obstacles fip{t), t G [Tp_i, T^^, p = 
1, ...,r, and Dq = Qo\ r2i(0), f2i(0) = fi fl {t = 0}. Such solutions were con- 
structed in [El]. Suppose to ^ iTp_i,Tp), 1 < p < r. Suppose 'y{x^^\to) = 
^i(to)U...U/3rf_i(to)U/3rf(x(^\ to) is a broken ray in Ao with legs /3i(to), ..., l3d{x^^\to) 
reflecting at 9f2p(to), starting at point x^^^ G dilo and ending at x^^^ G Dt^. 

As in [El] we can construct an asymptotic solution as fc — ?■ oo of the form 
(cf subsection 3.3): 

(5.6) ur,{x,t) = ^e-^*+^^^^(^'*) E Uk^n ' 

j=l n=0 ^ ^ 

where ipi{x,t) = x ■ u and supp UN{x,t,u) is contained in a small neigh- 
borhood of a; = 7(x'^"'^\ to), t = to (see [El] for the details). As it was 
shown in [El] one can find u^'^\x,t) such that Lu^^'^ = —Luj\f = 0(p7+t) 
in D, m''^-'|^_„ = 0, and u'^^'^^ = 0, u^^'^\„^ x(ot) ~ ^ ^^^ ^^'"'^ ^^^^ 
iiW = 0( ^^_^ ). Here L is the right hand side of (15. ip . Then 

(5.7) u = un + u^^^ 

is the exact solution of Lm = in D, wL „ = 0, x G -Do, "^Ln = for all 

< t < T. 

Let to G (Tp, Tp+i) and let nip be the number of the obstacles in Dj^. It was 

proven in [El], [E3] that u{x,t) has the following form in the neighborhood 

f/oof(a;«,to): 

(5.8) 

/ \ / \ f .mPt ,mk ,, , ie f ., s,\ ^/1\ 

u(x,t) = c(x,t)exY)[ -I—- Vi——Wd{x-,t) + -— / A(x,t)-dx +0 - , 

\ 2h h hcj^^^^t^ J \kJ 

Here c(x^"^'',to) 7^ and 7(0;, t) is a broken ray in Dt that starts at (y,t), 
(y,t) is close to (0;*^°'', to), and such that the first leg of 7(0;, t) has the same 
direction as /?i(to). 

Note the difference between asymptotic solution (I3.35P for the wave equa- 
tions and asymptotic solution (15. 8p for the Schrodinger equations. Solution 
(I3.35P corresponds to the broken ray 7 = W'^^^'^j in R^ x (0, +00) and solution 
(15.81) corresponds to the broken ray W^-^(5j in the plane t = to. D 
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Let 7i be the ray x = x^^^ + s9, s > 0, t = to, starting at (x^^^to) and 
ending at (x^^^to). Choose x^^^ G f2o such that 71 does not intersect fi(to). 
We assume that fio is large enough that such x^^^ exists (see Fig.5): 




Fig.5 

Let v{x,t) be a geometric optic solution similar to fl5.6p with d = 1 and 

corresponding to the ray 71. We have, as in f IS.Sp : 

(5.9) 

/ \ / \ i' .mk^t .mk n ie [ m \ , \ ^f^\ 

v(x^ t) = Ci{x, t) exp — I — ; h t——x ■ u + -— I Aix^ t) ■ ax] +U\ — \. 

\ 2h h hcj^^(^^^t) J \kJ 

We choose the initial value for ao{x,t,6) (cf. (15. 6p ) near (x^°\to) such that 

Ci(x«,to) = c(a;(^\to)- 

Consider |-u(x, t)—t;(x, t)p in a neighborhood {(x,t) : |x— x*^""^-'! < £0, |^— ^o| < 

£o}- 

As in subsection 3.3 we get for a small neighborhood of (x^^\ to) 



(5.10) 
where 



\u{x,t,u)-v{x,t,e)\^ = \c{x^^\to)\'^ Asrn^ 



a{to) 



0(e) 



a(to) = — ( / A{x,to) ■ dx — / A{x,to) ■ dx 
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Note that a(to) is the sum of the fluxes of those obstacles Qpj{tQ), 1 < j < 
rrii, that are encircled by 7 U 71. As in subsection 3.3, varying 7 and 71 at 
least rup times we can recover (modulo 27m) apj{to), 1 < j < nip, where 

(5.11) apj{to) = — A-dx, l< j <mp, 

and 7pj(to) is a simple contour in Dt^ encircling Qpj{to), I < j < nip. Note 
that apj are the same for any to G {Tp,Tp+i). We can repeat the same 
arguments for any tg 7^ Ti, ..., Tp-i. 

Our class of time-dependent obstacles is such that Dt^ is connected for any 
to G [0, T]. It follows from this assumption that a basis of the homology group 
of D is contained in the set 7pj(tp), 1 < i < nip, tp G {Tp_i, Tp), 1 < p < r. 

Denote such basis by 7*^^)(t*^^)), ...,7'^'^(t*^')). Then any closed contour 7 
in D is homotopic to a linear combination '^j=inj^^^\t'^^^) where nj E Z. 
Therefore the flux 

(5.12) -^ A-dx-Vdt = J2 nja^^\t^^\ 

wherea(^-)(t(^-)) = ^/^0)(^(,,)A.rfx. 

Thus the fluxes a'^^\t'^^'>) , I < j < I, mod 27rn, n E 7i, determine the 
gauge equivalence class of A{x,t),V{x,t). Therefore computing the proba- 
bility densities of appropriate solutions we are able to determine the gauge 
equivalence classes of electromagnetic potentials. 

5.3 Example 5.1 

Consider the domain shown in Fig. 4. Let 7^, < p < 4, be simple closed 
curves encircling n^P\ There is also a simple closed curve 75 that is not 
homotopic to any closed curve contained in the plane t = C. Note that 
7i + 72 ~ 73 + 74 where ~ means homotopic. Also 75 ~ 7i — 73. Therefore 
7o, 7i, 72, 73 is a basis of the homology group of D. We made an assumption 
that Dj(, is connected for any tg E [0,T]. Under this assumption there is 
always a basis of the homology group consisting of "flat" closed curves, i.e. 
the curves containing in the planes t = const. 

Let aj be the fluxes corresponding to 7^. Note that if 7 is flat then 
a = f A-dx is a magnetic flux. However a^ = f^ j\ ^A-dx—Vdt is an electro- 
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magnetic flux. Since 75 ^ 71 — 73 we have that a^, = (ai — Q;3)(niod 27m), n G 
Z. D 

Note that our approach allows to calculate first the magnetic fluxes. To 
determine electromagnetic flux we have to represent it as a linear combination 
of magnetic fluxes as in Example 5.1. 

Remark 5.1. In this section we assumed that the domains Dt are con- 
nected for all t G [0, T]. To incorporate the examples of §4 we have to allow Dt 
to be not connected for some t G [0, T], i.e. Dt = U^^qD^ , where D^ is the 

r\ (k) 

open component containing the neighborhood of 0^0 and D^ , 1 < k < m, 
are other open component that we assume to be simply connected. 

Acting as above we can determine the magnetic fluxes aj in Dl (mod 27Tn) 

Since Dt , k > 1, are simply connected, we have that ^A = h '^g^' ' in D^ . 

Making the gauge transformations with gauge e* s in Dl we can get that 

(k) 

A = in Dt . Then we obtain the same situation as in the examples of §4. 
For example, in the case of Fig. 4 we can insert a domain of the form of Fig. 
3 inside the tube fl^^\ Note that in §4 we did not determine the electric flux 
as in §3, but only find whether the electric potentials are gauge equivalent 
or not. 



5.4 Approximation of solutions in D by physically mean- 
ingful solutions 

Let u{x, t) be a solution of ^J!) in (R" x (0, T)) \ Q, where fi C R" x (0, T) 
is the union of all obstacles, <t <T. We assume that 

(5.13) u\g^ = 
and 

(5.14) u{x,0)=uo{x), a;GR"\fi(0), 

where il{to) = rin{t = to}, in particular, fi(0) = 11 n {t = 0}. 

Initial-boundary value problem (15. ip . (I5.13p . (I5.14p describes an electron 
confined to the region R"'\r2(to), < Iq < T. We shall assume that the initial 

data uo{x) G i^2(R" \ ^(0)) n ^i(R" \ fi(0)) (cf. [El]). It follows from [El] 

that u{x,t) G C((0,T),//2(R"\fi(t))n^i(R"\f](t)), i.e. u{x,t) belongs to 

o 

a space of continuous functions in t with values in H2(R"' \ ^{t)) H iJi(R" \ 
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n{t)). Here u{x,t) e //i(R" \ fi(t)) means that u{x,t) = on dn{t). We 
shall call such solutions u{x,t) physically meaningful. In subsection 5.2 we 
considered solutions v{x,t) of (15.11) defined in the domain D only with zero 
initial conditions in Qq \ ^2(0), zero boundary conditions on dfl and having 
nonzero values on dfio x (0,r). We assume that u{x,t) G C((0,T), 7/2(^0 \ 
f2(t)). Then u\g^ x(ot) ~ f where f{x,t) is continuous in t, with values in 
H3{dflo). We shall denote such class of solutions by W{D). 

We shall show that any solution in W{D) can be approximated by the 
restriction to D of physically meaningful solutions u{x, t) such that u{x, 0) = 
in r2o \ f2(0), and this will make our proof of electromagnetic AB physically 
relevant. 

Denote by V the Banach space of functions u{x, t) in D with the norm 
||M||y = Jq [uIqcH, where [v]o is the L2-norm in Df = Qo\ ^{t)- Let V* be 
the dual space with the norm \\v\\y* = supo<t<TMo- Denote hj K C V* the 
closure in the V* norm of the restrictions to D of all physically meaningful 
solutions such that v{x, 0) = for a; G Do = ^0 \ ^(0). 

Let K^ be the set of aA\ v G V such that (w, v) = for all u E K. Here 
{u,v) is the extension of L2{D) inner product. Let / be any element of K-^. 
Extend / by zero in (R" \ fio) x (0, T). 

Let w{x, t) be the solution of 

(5.15) L*w = f in (R" x (0, T)) \ fi, 

Note that w{x, t) G C((0, T), ^i(R'^ \ fi(t))). 
By the Green formula we have 



= {v, f) = (t>, L*w) = ih v{x, 0)w{x, 0)dx, 

iR"\f7(0) 

where v{x, t) is a physically meaningful solution. Since v{x, 0) = in fio\^(0) 
and v{x,0) is arbitrary in R" \ ^o, we get that 

w{x,0) = 0, xeW\Qo. 

Consider w{x,t) in (R"\r2o) x (0,T). We assume that the electric poten- 
tial V{x,t) = in (R"'\i7o) x (0, T). lin = 3 or n = 2 and the total magnetic 
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flux ^ Jg^ v4(x, t) ■ dx = 0, we can choose the gauge such that A{x^ t) = in 
(R"" \ VLq) X (0, T). In this case the equation (15. ip has the form 



(5.16) 






for {x,t) e (R"\no) X (0,T). 

When n = 2 and the total magnetic flux is not zero we can choose the 
gauge to make A{x, t) equal to AB potential in (R" \ Qq) x (0, T) (cf. [AB]). 
Then in polar coordinates (r, 9) we have in [R"^ \ Qq) x (0, T): 



(5.17) ^h^ + f 

^ ^ dt 2m 



d'^w 1 dw 



Qj,2 



Idw I f d .\2,^x 



0. 



Lemma 5.1. Letw{x,t) be the solution of Ii5.1\) in (R"\^n)x(0. T).w(x. 0) = 
w(x,T)=0, xe R"\fio, andM;(x,t) G C((0,r),L2(R"\fio))- Then w = 
zn(R'^\fio) X (0,r). 

Proof: Consider the case of equation (15.171) . The case of the equation 
(I5.16P for n = 2 or n = 3 is similar. Let R be such that Qq C Bji = {x : 
\x\ < R}. Extend w{x,t) by zero for t > T and t < 0. Making the Fourier 
transform in t we get for |x| > R 



(5.18) -h^ow{r,e,^o) + ^ 

2m 



d^w{r,9,^o) ^ Idw ^ 1 f d 

Qj.2 



r dr r^ \d9 



0, 



-T 



where 9 G [0,27r], r = |x| > R. Since J-^2\q /q \w{x,t)\'^dxdt < +oo we 
have that w{x,^q) is continuous in ^o and Ji^i^j^ \'w{x,^o)\'^dx < +oo for any 

The general solution of (I5.18P in |x| > R has the form (see [AB]) 



(5.19) 
where 



w{x,Co 



J2 «'n(r,eo)e^"', 



'Wn{r,^o) = an{io)Jm+a{kr) + bn{io)J^m-a{kr), k = \/-7-(-^o)- 



2m, 



We have 



/ \w{x,X)\'^dx = ^ / \wnir,^o)\'^rdr. 

J\x\>R „-_^Jr>R 
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It follows from fl5.19p that J^^^ |u7„(r, ^o)Pt?r < +00 for all ^0 iff o-niCo) = 
^n(^o) = 0. Therefore w{x,t) = for |x| > R, t E [0,T]. Using the unique 
continuation property (cf. [I]) we get that w{x, t) = in (R^\r2o) x (0, T). D 

Lemma 5.2. Any u{x,t) G W{D) can be approximated in the V* norm by 
physically meaningful solutions v{x,t), i.e. by v{x,t) G C((0,T), H2(IV^ \ 

n{t))r]Hi(R"\n{t)) that satisfy / TO]) in (R" x (0,r))\fi with the boundary 
conditions 1^5. 13\) and the initial conditions Ili5.14\ ) where Uo{x) = in Qq \ 
fi(0). 

Proof: Let u{x,t) e W{D). We have 

{uJ)d = iu,L*w)D, 

where (u, f)^ is the inner product in L2{D). Note that -u] = and w\„^ = 
0. Also ^Ij^q = and 'w\^^rp = in D. By Lemma ISTTl w = in (R" \ 
Hq) X (0,T). Therefore w\g^ x\ot] ~ ^ ^^^ ^^^ restriction of the normal 
derivative of w to dQo x [0,T] is equal to zero in the distribution sense (cf. 
[E6], §24). Hence applying the Green formula over D we get {Lu,w)d = 
{u,L*w)o = since Lu = and all boundary terms are equal to zero. 
Therefore {u, f) = {u,L*w) = for any / G K^. Thus u E K, i.e. u can 
be approximated in the norm of V* by the physically meaningful solutions 
Vs '■ \\u — v^Wv* = maxj<j<j' Jp \u — v^l'^dx < e where e: > can be chosen 
arbitrary small. D 

If, for example, |M(x,t)p = 4sin^ ^ + 0(£i) in a small neighborhood Uq 
of a point Pq, then J^j \u{x, t)\'^dx = 4sin^ |/i(t/o) + 0{e)fi{Uo), where fi{Uo) 
is the volume of the neighborhood Uq- Choose e much smaller than ei. We 
get by Lemma 15.21 that 

(5.20) / \ve{x,t)\'dx = 4sm'^fi{Uo) + 0{ei)fi{Uo), 

JUo ^ 

i.e. we can determine the flux a by the measurement of a physically mean- 
ingful solution. 
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5.5 A new inverse problem for the time-dependent 
Schrodinger equations 

Let {Qq X [0,T]) \ fi be the same domains as before. Let 

be two Schrodinger equations in (R" x (0, T))\Q with electromagneticpoten- 
tials A^\x,t),V^P\x,t), p = 1,2. Suppose that supports of A^P\x,t) and 
y(p)(a;,t) are contained in (fio x (0,T)) \ fi, p = 1,2. 

Theorem 5.3. Suppose 



Upix,0) = fo{x), xeR"\^(0), P=l,2, /o(x) = Oz/xGfio\fi(0), 
(5.21) ?/i(a;, T) = ^2(2:, T), x G R" \ fio, 

/or a// /o(2;) G -^2(R-"' \ ^o)- Suppose that geometric conditions on the ob- 
stacles Q{t) of Theorems 1.1 and 1.2 in [El] hold. Then there exists a 
gauge g{x,t) G C°°((R" x (0,T)) \ fi), \g{x,t)\ = 1 zn (R" x (0,T)) \ 
n, ^(a;,t) = 1 for{x,t) G (R" \ ^o) x (0,T) snc/i that (y4W(a;, t), y«(a;, t)) 
and (^^^^(x, t), V^*^^^(2;, t)) are gauge equivalent. 

Proof: Denote v{x,t) = ui{x,t) — U2{x,t). Then v{x,0) = v{x,T) = 
for x G R" \ Ho and t'(x, t) satisfies 

ih— + — Av(x,t) = Om (R" \ fio) x (0, T). 
ot 2m 

By LemmaOt^(2:,t) = in (R" \ Qq) x (0,T). Therefore v\g^^^^^^^ = 
a^d ^\anox{o,T) = °' "^^^^^ 1^ ^' ^^^ ^°™^^ derivative. Thus u,\g^^^^^^^^ = 
«4oox(o,T) and t^Lf,„,(o,T) = tf lanox(o,T)' ^Y LemmaOthe restrictions 
of Up to 9r2o X (0,r) are dense in H_i{dQo x (0,T)). 

Note that these restrictions exist by the partial hypoelhpticity property 
(cf., for example, [E6], §24). Therefore the Dirichlet-to- Neumann operators 
Ai and A2 are equal on OQq x (0, T). Also ui{x, 0) = U2{x, 0) = on i7o\f2(0). 
Then it follows from [El] that (y4W(z, t), yW(x, t)) and {A'-^\xt),V^^\x,t)) 
are gauge equivalent. 
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Remark 5.2 Suppose n = 2 and 

^ / A^''\x,t)-dx 



Olp 



are not zero, p = 1,2. We assume, in addition to f l5.2ip . that ai = a2 = a is 
a constant and the equation (15.11) has the form (15.171) for (R^ \ VLq) x (0, T). 
Then Theorem 15 . 31 holds since we can apply Lemma |5TT] to the equation (I5.17p 
in (R2\fio) X (0,r). 

6 The gravitational AB effect 

6.1 Global isometry 

We shall start with a short summary of the magnetic AB effect: consider the 
Schrodinger equation (II. ip in R^\r2i with the boundary condition (II. 2p . We 
assume that the magnetic field B = curl A is zero in R^\fii. Then locally in 
any simply-connected neighborhood U C R^ \ fli the magnetic potential is 
gauge equivalent to a zero potential and J A- dx = for a any closed curve 
'J G U. However, globally in R^ \ Qi the magnetic potential A{x) may be 
not gauge equivalent to a zero potential, in particular, f A ■ dx = a may be 
not zero if 7 is a closed curve in R^ \^i encircling Qi. 

The fact that the magnetic potential A{x) is not gauge equivalent globally 
in R2 \ ^1 to the zero potential has a physical impact, and this phenomenon 
is called the Aharonov-Bohm effect. More generally, if Ai and A2 are not 
gauge equivalent then each of them makes a distinct physical impact. Similar 
situation (local versus global) appears in different branches of mathematical 
physics. 

Consider, for example, a pseudo-Riemannian metric Yl!jk=o9A^)^^j^^k 
with Lorentz signature in f2, where Xq G R is the time variable, x = 
{xi, ...,Xn) &Q, Q = Qo\UY=i^j, ^0 is simply connected, Qj C Qq, ^j, 1 < 
j < m, are obstacles (cf. subsection 3.3). We assume that gjk{x) are inde- 
pendent of xq, i.e. the metric is stationary. 

Consider a group of transformations (changes of variables) 

(6.1) x' = ip{x), 

x'q = xq + a{x), 
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where x' = if{x) is a diffeomorphism of Q onto Q' = (p{Q) and a{x) G 
C°°(r2). Two metrics Yl^j k=o djki.^)^^ i^^k and Yl^j k=o 9'jki^)^^'j^^'k ^^^ called 
isometric if 

n n 

(6.2) \^ gjk{x)dxjdxk = /^ g'jf^{x)dx'jdx'f^^ 

j,k=0 j,k=0 

where {xq,x') and (xcx) are related by (16. ip . 

The group of isomorphisms will play the same role as the gauge group for 
the magnetic AB effect. 

Let 

ngu{xo,x) = in R X r2 

be the wave equation corresponding to the metric g, i.e. 



(-) ay^±^^±iVFIr.,H.^§^)^o. 



where go = det[gjk]lk=o^ y''{x)] = [gjk] \ 

Solutions of (16. 3p are called gravitational waves on the background of the 
space-time with the metric g. 

Consider the initial boundary value problem for (16. 3 p in R x i7 with zero 
initial conditions 

(6.4) u{xo, x) = for Xq <^ 0, x G f2, 
and the boundary condition 

(6.5) mL _ = f, -uL =0, 1 < 7 < m, 

where / G C^(R,xdQo)- Let A^ be the Dirichlet-to-Neumann (DN) operator, 

'2 



(6.6) 5^ = E ^'■'(")^^(")9^( E ^"(^)-.-^ 

Here u{xq,x) is the solution of (16. Sp . (16. 4p . (16. 5p . //(x) = (z^i, ..., t'n) is the 
outward unit normal to 5^0, Vq = Q. 
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Let r be an open subset of dQo. We shall say that boundary measure- 
ments are taken on (0, T) x F if we know the restriction A^/l , for any 

feC^iiO,T)xT). 

Consider metric g' in Q' and the corresponding initial-boundary value 
problem 

(6.7) Dg'u'{x'Q,x') = in R x Q' , 

(6.8) u'{x'q,x')=0 for x'q < 0, x' e Q' , 

(6-9) ^\nxd% = /' ^1rx9^. = 0' 1 < ^' < ^'^ 

where fi' = fi'o \ Uf^l^■ 

We assume that dQo fl S^q 7^ 0. Let F be an open subset of OQq fl dQ'Q. 
The following theorem was proven in [E2] (see [E2], Theorem 2.3). 



Theorem 6.1. Suppose g^'^{x) > 0, goo{x) > in Q and ((7')°° > 0, g'^Q > 
inVt'. Suppose Agf\^^^^^^^ = Ag'f\^^^^^^^ for all f G C^{{0,T)xT). Suppose 
T > Tq, where Tq is sufficiently large. Then metrics g and g' are isometric, 
i.e. there exists a change of variables Ii6.1\) such that Ii6.2\) holds. Moreover, 

If two metrics g and g' in Q and ^2', respectively, are isometric, then the 
solutions u{xo,x) and u{xq,x') of the corresponding wave equations are the 
same after the change of variables (16. ip . Therefore isometric metrics have 
the same physical impact. 

Let g and g' be two stationary metrics in Q and Q', respectively. Let V be 
a neighborhood such that V fl OQq D F 7^ 0. Suppose g and g' are isometric 
in V, i.e. there exists a change of variables 

x' = ipv{x), x E V, 
x'o = xo + av{x), X eV, 

such that (16. 2p holds for x E V. We want to find out what is the impact of 
g and g' being not isometric. One can find a change of variables of the form 
(16. ip to replace g' in Q' by an isometric metric g in Cl such that QqCiCIq D V 
and g = g in V. 

It follows from Theorem 16.11 that g and g are not isometric if and only if 
the boundary measurements 

^^/|(o,T)xr^^§/|(o,T)xr fo^«o"^e /GCo^((0,r)xF), 
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i.e. metrics g and g (and therefore g and g') have different physical impact. 
This fact (i.e. that non-isometric metric have a different physical impact) is 
called the gravitational AB effect. 

Note that the open set F can be arbitrary small. However the time interval 
(0, T) must be large enough: T > Tq. 

6.2 Locally static stationary metrics 

Let g and g' be isometric. Substituting dx'^ = dxo + YTj=i^xj{.x)dxj and 
taking into account that dxo is arbitrary, we get from (16. ip and (16. 2p that 

(6.10) ^oo(^') =^oo(a;), 



Xj. 



(6.11) 2gUx') Y, «-. (^)^^^- + 2 Y. 9joix')dx' = 2 ^ gjo{x)d: 

j=i j=i j=i 

Using (16.1 op we can rewrite (16. lip in the form 

n ^ n ^ n 

(^•^2) Y -;y7ZA9jo{x')dx' = J2 ■;r7ZS9jo{x)dxj - J2 a.,{x)dxj. 

j^^ %o[x ) ^ goo[x) ^ 

Let 7 be an arbitrary closed curve in Q, and let 7' be the image of 7 in Q' 
under the map (16. ip . Integrating (I6.12p we get 

since / Yl^=i'^xj{x)dxj = 0. Therefore the integral 

/■ " 1 

(6.14) ^= Y T-(ZK9Ax)dXj 

J 1^1 9m\x) 

is the same for all isometric metrics. D 

A stationary metric g is called static in ^2 if it has the form 

n 

(6.15) go(i{x){dxQf + Y 9jk{x)dxjdxk, 

j,k=i 
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i.e. when goj{x) = gjo{x) = 0, I < j < n, x E fl. 

We assume that g is stationary in Q and locally static, i.e. for any 
simply-connected neighborhood U G Q there exists a change of variables 
x' = Lpu{x), x'q = xq + au{x), X E U that transform g\ to a static metric. 
Therefore (16.131) implies that / X]?=i — \^9jo{x)dxj = for any closed curve 
'-f G U. Suppose the metric g is not static globally in Q. Then integral f l6.14p 
may be not zero. It plays a role of magnetic flux for the magnetic AB effect 
and a in f l6.14p depends only on the homotopy class of 7. 

Let V G ^,V n dQo 3 T 7^ and let g'y be a static metric in V isometric 
to g for X G V. Denote by g' an arbitrary extension of g'y to Q such that g' 
is static and stationary. We have that g and g' are isometric in V, and we 
assume that g and g' are not isometric in Q. Then the Theorem 16.11 implies 
that the boundary measurements for g and ^f' on F x (0, T)are not equal for 
the same / G C^(r x (0,T)). Therefore g and g' have different physical 
impact, i.e. the gravitational AB effect holds. D 

The gravitational AB effect for a special class of locally static metrics was 
considered previously in [E]. 

6.3 A new inverse problem for the wave equation 

Let g and g' be two stationary metrics in R" \ WJLiQj such that 

(6.16) gjk{x) = g'jkix) for \x\ > R, 
where R is large. Assume also that 

(6.17) gjk{x) = r]jk + hjk{x) for |x| > i?, 
where 



y r]jkdxjdxk = dxl — >^ dx'j 



j,k=l j=l 



is the Minkowski metric and hjk{x) = 0{ ,n+^ ), e: > 0, for |x| > /?. 
The following theorem is analogous to Theorem 15.31 

Theorem 6.2. Let UgU = and Ug^u' = zn {0,T) x (R" \ U^^^), 
where T > Tq (cf. Theorem \6.1\) . Consider two initial-boundary value prob- 
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lems 

u{0,x) = uo{x), u'{0,x) = Uq{x), 
Ut{0,x) = Ui{x), u[{0,x) = Ui{x), a: G R" \ U^^i^j, 

Uo{x) = ui{x) = in BrXuJI^Qj, 

where Br = {x : \x\ < R}. Suppose goo{x) > 0, fi'oo(^) > 0' 5'°'^(^) > 

0, igT>0^nR^\U]^,n^. Ifuoix)eH,iW'\BR)), mi(x) G L2(R"\5r) 
anc? if 

u{T,x) =u'(T,x), u^^(T,x) =u'^^{T,x), x G R" \ 5/j, 

/or all Uo{x) and Ui{x), then metrics g and g' are isometric in R" \ U"'^iQj. 

Proof: It follows from the existence and uniqueness theorem that the 
solutions u{xo,x) and u'{xo,x) belong to ifi((0,T) x (R*^ \ U"^!^)). Let 
V = u{xo, x) - u'{xo, x). Then D^^; = in (0, T) x (R" \ Br) and v{0, x) = 
Vxo{0,x) = 0, v{T,x) = Vxo(T,x) = for x G R" \ Br. Extend v{xo,x) by 
zero for Xo > T and Xq < and make the Fourier transform in xq : v{^o,x) = 
J^^v{xo,x)e-''''°^''dxo. Then v{^0:x) belongs to L2(R" \ Br) for all ^o e R 
and satisfies the equation 

L{iCo,-Q^)v{Co,x) = 0, xeR''\BR, 

where L{i^Q,i^) is the symbol of D^. 

It follows from [H] that v{^q,x) = in R" \ Br for all ^o- Therefore 

u{xo,x) = u'{xo,x) for Xq G (O.T), x G IV^ \ Br. Then u\,^^.q^ = 

"w'Lm^N flD and -i^\,„m-, ao = ^\/nrr\ an, , 1-6. the bouudary measure- 
ments of u and m' on (0, T) x dBR are the same. 

Analogously to the proof of Lemma [5^ one can show that u\.. and 

^'IcoDxaB ^^^ dense in H_i{{0,T) x OBr). Hence the DN operators A and 
A' are equal on (0,T) x OBr. Thus Theorem 16.11 implies that g and g' are 
isometric. 
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